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CROSSED PRODUCTS BY PARTIAL ACTIONS OF 
INVERSE SEMIGROUPS 

S. MOAYERI RAHNI AND B. TABATABAIE SHOURIJEH 


Abstract. In this work, for a given inverse semigroup we will define 
the crossed product of an inverse semigroup by a partial action. Also, 
we will associate to an inverse semigroup G an inverse semigroup Sq^ 
and we will prove that there is a correspondence between the covariant 
representation of G and covariant representation of Sq- Finally, we will 
explore a connection between crossed products of an inverse semigroup 
actions and crossed products by partial actions of inverse semigroups. 


1. Introduction 

The theory of C*-crossed product by group partial actions and inverse 
semigroup actions are very well developed [2] [4]. In this paper, we show 
that the theory of crossed products by actions of inverse semigroups can be 
generalized to partial actions of inverse semigroups. 

In section 2 we define a partial action of an inverse semigroup as a partial 
homomorphism from the inverse semigroup into a symmetric inverse semi¬ 
group on some set. We will refer the reader to [1] for an extensive treatment 
of partial actions of inverse semigroups. In section 2, we define the crossed 
products by partial actions of inverse semigroups. 

It turns out that there is a close connection between crossed products by 
partial actions of inverse semigroups and crossed products by inverse semi¬ 
groups actions. In section 4, we will show that every crossed products by 
partial action of an inverse semigroup is isomorphic to a crossed product by 
an inverse semigroup action. 

2. Partial Actions of Inverse Semigroups and Covariant 

Representations 

We will assume that throughout this work G is a unital inverse semigroup 
with unit element e and A is a G*-algebra. 
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We recall from [1] that a partial action of an inverse semigroup S' on a set 
X is a partial homomorphism a : S i-A l(X), that is, for each s, t G S 

a(s*)a(s)a(t) = a{s*)a{st), a{s)a{t)a{t*) = a{st)a{t*), 

where l(^) denotes the inverse semigroup of all partial bijections between 
subsets of X. But we use [1, Proposition 3.4] to give a definition of a partial 
action of an inverse semigroup. 

Definition 2.1. Suppose that S is an inverse semigroup and X is a set. By a 
partial action of S on X a map we mean a : S i—>■ l(X) satisfied the following 
conditions: 

(i) aj^ = as->, 

(a) Q;s(Xg. n Xt) = n Xgt for all s,t € S (where Xg denotes the rang 
of exg for each s € S), 

(Hi) as{at(x)) = ast(x) for all x G Xt^ n W*s*- 

To define a partial action a of an inverse semigroup S on an associative /C- 
algebra A, we suppose in Definition 2.1 that each Xg (s G S) is an ideal of A 
and that every map a® : Xg* i—>■ Xg is an algebra isomorphism. Furthermore, 
if the inverse semigroup S is unital with unit e, we shall suppose that X^, = A. 
The next Proposition shows that for such a partial action a we have Oe is the 
identity map on A. 

Proposition 2.2. If a is a partial action of G on a C* -algebra A then is 
the identity map I on A. 

Proof. By definition of partial action, Og is an invertible map on it’s domain, 
Df. = A. Now, 

£ = = agCKe* = CKgCHe = CHe- 

Note that we have used part (3) of Definition 2.1 in the fourth equality above. 

□ 


The following Lemma will be used in the proof of Theorem 2.4 

Lemma 2.3. If a is a partial action of G on a C*-algehra A, then for all 
t, si, ..., G G 

oit(Dt*Dg.^^...Dg^) = DtDts^...Dtg„. 


Proof. For t, si,..., s„ G G we have 


oit(Dt* Dsi-'-Dg^) 


at(A* nDg, n...n A- 
at(A* n Ajn...nat(A* n A„) 
at{Dt n Dtg,)n... n at{Dt n A.J 
at(An Asi n...n An As„) 

o:t{DtDts^ ...Dtg„) 


□ 
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Theorem 2.4. If a is a partial action of G on a C*-algebra A, then for 
si, ...jSn € G the partial automorphism as^-.-as^ has domain 
Ds-^Ds*^s*^_^...Ds>^...si and range Ds^...Ds^...8,,- 


Proof. We will use induction to prove the statement about the domain. For 
n = 1 


domasi = ranas* = Dg* ■ 


Now, 


doma8^.-.as„ = a8^{dom{as^---a8„_.i) Pranag,,) 

= as-^{D8i_^...D8i_^...siI^D8„) 

= d8^^ds:s:_,...d8^^...s,. 

Note that we obtained the last equality by using Lemma 2.3. For the second 
statement, we have 


ranas^..-as„ 


by the first statement. 


domas-^.-.asi 

D8,...D8,...s„ 


□ 


If we consider a group G as an inverse semigroup, then the two definitions 
of partial actions as a group and as an inverse semigroup are the same. This 
fact motivates us to define a covariant representation of a partial action of an 
inverse semigroup. 

Definition 2.5. Let a be a partial aetion of G on an algebra A. A covariant 
representation of a is a triple ('k,u,'H), where tt : .4 — 5 - B{'H) is a non¬ 
degenerate representation of A on a Hilbert spaee H and for each g € G, Ug is 
a partial isometry on H with initial spaee Tr{Dg*)'H and final space Tr{Dg)'H, 
such that 

(1) UgTr{a)ug* = Tr{ag{a)) a&Dg., 

(2) Usth = UsUth for all h ^ T:{Dt*Dt*a*)T~i, 

(3) Us- = u*8. 

Notice that by the Cohen-Hewitt factorization Theorem Tr{Dg)'H is a closed 
subspace of H and so the notions of initial and final spaces make sense. 

Now, we show that Ue = In, where e denotes the unit of G. Since Dg = A, 
by (2) of Definition 2.5 for all h € tt{A)'H — H. we have that 

Ugh = Uggh = UgUgh. 

Since Ug is one to one on 7r(^)7t = H, we have Ugh = h for A\ h € H as we 
claimed. 


Definition 2.6. Let a be a partial action of G on a C*-algebra A. For s € G, 
let ps denote the central projection of A** which is the identity of D**. 
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Let (Tr,u,Ti) be a covariant representation of {A,G,a). Since tt is a non¬ 
degenerate representation of A, tt can be extended to a normal morphism 
of .4.** onto ^{A)"■ We will denote this extension also by tt. Note that 
■k{Ds^...Ds^)'H = T^{psi ■ ■■Ps„)'H for all si,..., s„ e G, and UgUs* = tt{ps) for 
all s e G. 


Theorem 2.7. Let he a eovariant representation of (A,G,a). Then 

for all si ,Sn S G, Us-i ■■■Us„ is a partial isometry with initial space 


and final space 


Tr{Ds.Ds 








Proof. Firstly, we show that Usj...Us„ul^...ul^ = 7r(psj. For n = 1 
we have proved that = 7r(psj). Now, 




MsiM*jMs 

i7r(pS2.. 

•Ps2. 

• •Sn . 

)Masi 

^Sl ^(Ps2 ■ ■ 

■Ps2. 

• •Sn J 


Msi7r(ps. 

MPs 2 - 

PS2-- 



Msi7r(ps. 

Ps2 ■■■Ps2 

• ••Sn . 

)Ms* 



71 '(Qfsi {ps*Ps2 ■■■Ps2...Sn)) 
'^{PsiPsiS2 ■■■PsiS2...Sn)l 


SO, Usi...Us„u*^...u*_^ is a projection since .■.,Psi...s„ are commute. Finally, 
the initial space of Usj^...Us„ is equal to 


Ms, ...Ms 




7r(psi...psi...s„)'H 

7r(L)s.L>s.s*_^...L>s.,,,s*)7^. 


Similarly, we can prove that the final space of Msj...Ms„ is equal to 




□ 


Corollary 2.8. If is a covariant representation of (A,G,a), then 

Usi...s„h = Us^...Us^h for all h G 

and 

7r(a)Msi...s„ = 7r(a)Msi...Ms„ for all a G L>sjI?siS 2 ---Dsi...s„- 

Proof. For n = 2, if /i G tt{Ds*Ds*si) then by Definition 2.5 part (2) we 
have MsiS 2 ^ = UsiUs 2 - For h G 7r(Ds» we have Usj^...snh = 

Msi...s„_iMs„ft^ by Definition 2.5 part (2). Now, since 

Us„h € Us„Tr{ps-^...Ps:^...si)'H = 7r(ps.ps*s;_j---Ps;_j...s*)H 
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by induction hypothesis we have = Us^-.-Us^^^Us^h. By the 

first statement, we have 

(1) = Mg. ...Ms.7r(a*) 

since 7r(a*) € 7r(I?sj...Dsi...s„) for a G . Taking the conjugate, 

we have 7r(a)t6si...s„ = 7r(a)t6sj...Ws„. □ 


Corollary 2.9. If (Tr,u,'H) is a covariant representation of (A,G,a), then 
S = {usi-.-Us^ : G G} is a unital inverse semigroup of partial 

isometries ofH. 

Now, we are able to define an inverse semigroup associated to a covariant 
representation of a unital inverse semigroup G. 


Proposition 2.10. Let a be a partial action of an inverse semigroup G on 
the G*-algebra A, and let (tt,u.'H) he a covariant representation of a. Let 
Sg = : gi,...,gn G G}. Then Sg is a unital inverse 

semigroup with coordinate wise multiplication. For s = {ag^...ag^,Ug.^...Ug^) G 
Sg let 

Eg = ^gi 


and 


(5s — ^gi"'^gn ' Eg* ^ Fg. 
Then (5 is an action of Sg on A. 


Proof Let s = {ag^...ag^,Ug^...UgJ,t = {ah^...ah„,Uh^...UhJ, then st = 
{ag^...ag„ahj...ah„,Ug^...Ug„Uhj_:.Uh„) G Sg, and the unit of Sg is {ae,Ue). 
Obviously Eg is a closed ideal of A and /3s is an isomorphism. Now, we define 
the domain of /Sg. 


dom{ag,...agJ 


Og. {dom{ag, ■■.ag„_, )Dg ^) 

idomiag,...ag„_^ )Dg„_,)DgJ) 


— Dgt...Dg*,,,g* —Eg*. 

Now, let us show that ran(5s = Eg. To do this, we will use induction. For 
n = 2, 


ranjds 


ranag.^ ag^ 

*3^31 {Eg.^Dg* ) 
^ 31^3132 = Eg. 
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On the other hand, for s = {ag^...ag^,Ug^...Ug^), 

ranPs = ranag^...ag^ 

= ag^{ran{ag^...agjDg.) 

= Oig^{Dg^Dg^g^...Dg^,,,g^Dg*) 

= Dg^Dg^g^...Dg^,,,g^ = Eg. 

So, j3s '■ Eg* —>■ Eg is an isomorphism, and clearly for s,t G S we have 
Pg/St = (igt- n 

The following Proposition shows that there exists a relation between co¬ 
variant representation of (^, Sq, I3) and covariant representation of {A, G, a). 

Proposition 2.11. keeping the notation of Proposition 2.10, define v : Sq —>■ 
B{'H) by Vg = Ug^...Ug^, where s = (og,...ag„,Mg ,Then is a 

covariant representation of {A, Sq, l3). Conversely, if (p,z, 1C) is a covariant 
representation of {A,Sg,I 3), then the function w : G —?■ B(1C) defined by 
LOg = z{ag,Ug) Qwcs o covaviant representation {p,uj,IC) of {A,G,a). 

Proof Let s = (og,...ag„,Mg,€ S. By Theorem 2.7, Vg = Ug,...Ug^ is 
a partial isometry with initial space 'K{Eg*)'H and final space 'K{Eg)'H. Obvi¬ 
ously, V is multiplicative. Let a G Eg* = Dg*...Dg^,,,g*, then 

VgTr{a)ng* = Ug^...Ug^Tr{a)ug*...Ug* 

= Ug, ...Mg„_j7r(ag„ ( O ) ) Ug^ _ ^ . . . Ug * 

= 7r(agi...ag„(a)) = 7r(/3^(a)). 

Conversely, suppose that {p,z,IC) is a covariant representation of {A,SG,fd)- 
We want to show that {p, uj, JC) is a covariant representation of {A, G, a). By 
the definition of Wg, g € G, ujg is a partial isometry with initial space Tr{Dg*)IC 
and final space 7 r(i:)g)/C. For 31,32 € G, put s = (agig 2 , %iS 2 ): si = 
and S 2 = (ckgj, Ug ^). By the definition of partial action, if a; G Dg* Dg* then 
^gi^g2i^} — ^5192 (^)* 

ranag*ag* = ag*{Dg*Dg.^) = Dg*Dg*g*. 

Consequently, 

(2) Cl;gjg2 (Q;giQ!g2) = 0^91 92 QJg* = Ogj ag2 (Ogi Q;g2 ) • 

By Definition 2.5 part (2), Ugjg 2 = Ug^Ug^ on Tr{Dg*Dg*g*)'H. On the other 
hand, by Theorem 2.7 final space of {ug^Ug^)* is Tr{Dg*Dg*g*)'H. Thus 

( 3 ) 


^9192 ("^91'*^92) “ ^91 ^92 ('*^91 ^92) ■ 
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Hence 

'^(^1^2) (^3192 ; ^5152 ) [(^31; ^91) (^32 5 ^52 ))] 

= (ttgj ag 2 (ci^Sl C*S 2 ) J ^91^92 ('*^31'*^ 32 ) ) 

(4) = SiS2(siS2)*, 

note that we have used equations 2 and 3 in the second equality above. So, 

ZsZ(siS2)'‘ = ^s(siS2)* 

“ ^S1S2(S1S2)* 

(5) = ZsiS2^(siS2)* 

by equality 4. Now, for h € p{Dg*Dg*g*JIC 

Zsh = Zs^s^h 

— ZsiZs2h 

note that we have used 5 and the fact that p{Dg>Dg»g*)]C is the final space 
of 7 :(sis 2)* equality. Hence U}gig 2 = >^gi^g 2 on p{Dg*Dg*g*)IC. For 

g € G, 

= < = Wg. 

Consequently, {A,G,uj) is a covariant representation of {A,G,a). □ 

3. Crossed Products 

Me Calanahan defines the partial crossed product MxqG of the C*-algebra 
A and the group G by the partial action a as the enveloping G*-algebra of 
i = {x € A(GtA) : x{g) € Dg} with the multiplication and involution 

(x * y){g) = ^ ah[ah~i {x{h))y{h~^g)], 
hGG 

and 

x*{g) = agixig-^)*). 

He shows that there is a bijective correspondence {tt^UjT-L) fA (tt x u,'H) 
between covariant representations of {A, G, a) and non-degenerate represen¬ 
tations of Av.a G, where tt x u defined by x i-A’ X^geG ^i^ig))'^g- We are going 
to follow his footsteps constructing the crossed product of a G*-algebra and 
a unital inverse semigroup by a partial action. 

Let a be a partial action of the nnital inverse semigroup G on the G*- 
algebra A. Consider the subset L = {x € A{G,A) : x{g) G Eg} of A{G,A) 
with the multiplication and involution as follows: 

{x*y)ig) = ^ /3ft(/3ft.(x(/i))y(fc)), 

hk—g 

x*{g) = Ps{x{g*)*). 
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Notice that by Definition 2.1 part (ii), {x * y){g) & Eg. It is easy to see that 
for x,y € L we have x *y,x* S L, and 

\\x*y\\ < ||a:||||y||, 


and 

11x11 = ||x||. 

Obviously, D is a closed subset of £^{G,A), so, D is a Banach space. Easily 
one can shows that 


(z) {x + yY =x*+y\ 
{ii) {ax)* = ax*, 

{Hi) {x * y)* = y* * X*. 


Proposition 3.1. L is a Banach *-algebra. 


Proof. By the argument above, L is a Banach space closed under multiplica¬ 
tion and involution. To show that L is a Banach *-algebra, it is enough check 
the associativity of multiplication. It suffices to show this for x = arSr,y = 
QsSs, and atSf. Let {ua} be an approximate identity for Eg*, then 


{a^Sj. * OsSs) * atSt 


(3r{(3r* {ar)as)S rs * atSt 

^rs{Ps*r* (o-r)(5 rst 

i^rs (/^s* (/^r (Or )^5rst 

i^rs {PsYPrY<Xr)as)at)S 

rst 

lim Prs{Ps-> (1r* {ar)as)uxat)Srst 
lim/3r/3s(/3s. {l3rYO'r)as)at)d 

rst 

\imPr{Pr‘ {'Xr)asl3s{u\at))S 

rst 

lim/3r(/3r* {ar)Ps{l3s* {as)uxat))Srst 

I3r{l3r* {ar)fis{Ps* {^s)^t))^rst 
OrSr * {Ps{Ps* {^s)^t)))^st 
Oj-Sj. * {OgSs * at6t). 


□ 


Note that authors in [5] prove the associativity of L in a general case, where 
A is just an algebra. 

Definition 3.2. If {'k,v.'H) is a covariant representation of (A,S,j3), then 
define tt x v : L B{T-L) by (tt x i'){x) = X^seS '^{x{s))^s- 

Proposition 3.3. tt x v is a non-degenerate representation of L. 
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Proof, clearly tt x u is a linear map from L into As for multiplicativity, 

it suffices to verify this for elements of the form as5a. For such elements, we 
have 


TT X v{as5s * atSt) 


We also have 


TT X u{(is{l 3 s-{as)at )5 st) 
7r(/3s(/3s. (as)at)ust. 


TT X v{as5s)Tr x v{at5t) 


7r(as)us7r(at)ut 

UsUs.7r(as)us7r(at)r't 

Us7r(/3s.(as))7r(at)ut 

VsTr{[is*{as)at)vt 
VsTT{l3s*{as)at)vs*VsVt 
tt{I3s{Ps‘ ias)at))i^sVt 


We have used the fact that VsVs*T:(as) = TT(as)vs*Vs = T(as) for a G in 
the second and fifth equalities above. Since /3s(/3s*(as)at) is in (is{Es»Et) = 
EgEst, it follows from Definition 2.5 that 

7r(/3s(/3s. (as)at))usUt = Tr{l3s{l3s‘{as)at))vst, 

so, the multiplicativity of tt x u follows. The following computations verify 
that TT X u preserves the ^-operation. 


TT X iy{{asSs)*) 


TT X iy(/3a. (a*)Ss^) 

Tr(Ps-K))i^s- 

l's.TT{al)VsVs* 

Vs-TT{al) 

{'K{as)vs)* = (tt X v{as5s))*■ 


If {u\} is a bounded approximate identity for A, then {uA(5e} is a bounded 
approximate identity for L since for a G Eg we have 


limuAi^e * a,Ss = limuAfli^s = aSg, 

X X 


and 


limans * ux6e = lim fig{(3s* {a)u\)Ss = aSg- 

Since tt is a non-degenerate representation, tt x iy{u\6e) = Tr{u\) converges 
strongly to 1b{-h) and so tt x u is non-degenerate. □ 


Definition 3.4. Let A be a C*-algebra and (3 be a partial action of the unital 
inverse semigroup G on A. Define a seminorm ||.||i on L by 

||a:||i = supIIItt x u(a:)|| : (tt, u)is a covariant representation of {A, G, (3)}, 
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and let N = {x £ L : ||a:||i = 0} 

The crossed product ^ G is the G*-algebra obtained by completing the 
quotient ^ with respect to ||.||i. 

Lemma 3.5. If s < t in G, then $( 055 ) = d>(a5t) for all a £ Eg, where $ is 
the quotient map of L onto . 

Proof. Notice that since s < t there is an idempotent f in G such that s = ft, 
and we have Eg C Et by [1, Proposition 3.8], so, a £ Et- If (tt, ly) is a covariant 
representation of {A, G, /3), then 

TT X ^{aSg — aSt) = Tr{a)h'g — 7 r(a)r't 
= TT{a)vft - TT{a)vt 

We have used the fact that for a £ Eg TT{a)vft = T:{a)vfVt in the the third 
equality. Since f is an idempotent, vt is identity on ttIEAT-L. Now for ft, G H 
iivt{h) £ TT{Ef )n, then 

TT{a)vfVt(h) — 'K(a)vt(h) = 0 . 

If t't(ft) £ {'K{Ef)'H)-^ = Ker vf, then 

T:(a)vfVt(h) = 0 . 

On the other hand, 71 ( 0 ) 1^4 (ft) = 0 because il k £% then 

< 7r(a)t't(ft), k >=< vt{h),TT{a*)k >= 0 

since a* £ Eg = Eft C Ef. Hence, — a5t) = 0. Note that the fact that 

Eft C Ef follows from [1, Corollary 2.21] and the fact that 

Eft = ranfSft = (If fit = f3f{EtEf) = Eft n Ef. 

□ 


Corollary 3.6. If G is a semilattiee, then A^pG is isomorphie to A. 

Proof. Let e be the identity element of G, then g < e for each g £ G. Define 
tpi :yl—s-ylK^Gbyai—5- <I’(afte)- Obviously tpi is a ^-homomorphism. Now, 
define 1(2 ■ ^ ^ Ahy d>(a(5g) a. Now, we will show that 1(2 is well-defined. 
If d>(a(5e) = d’(&(5e), then for each covariant representation (fK,v,'H) we have 

TT X v{a5e — bde) = 7r(a — b) = 0, 

so, a — b = 0 since A has a universal representation. This shows that 'ifi 
is well-defined since ^{aSg) = <l>(a(5e) for each g £ G. Clearly, 1(2 is a *- 
homomorphism that can be extended to .4, x ^ G. Finally, it is easy to see that 
ifi o 1(2 and 1(2 o ^1 are identity maps on x,g G and A respectively. □ 



CROSSED PRODUCTS BY PARTIAL ACTIONS OF INVERSE SEMIGROUPS 11 


Proposition 3.7. Let (11,7^) be a non-degenerate representation of AtKp G. 
Define a representation n of A on H and a map n : S ^ B{'H) by 


7r(a) = n(a5e), = limn('UA5s)Ps*, 


where {ua} is an approximate identity of Eg, limit is the strong limit, and 
Ps* is the orthogonal projection onto tt{Es*)'H. Then (tt, u, 77) is a covariant 
representation of (.4,, G, (3). 

Proof. Clearly tt is a representation of A on 77. Now, let {ma} be an approx¬ 
imate identity for Eg, and let h GH. We will consider two cases: 

If ft. € tt{Es»)'H: then there exist elements a € Eg* and ft' G 77 such that 
ft = Tr{a)h'. So, 


Vg{h) = limn(MAfts)(n(a(Ie)ft') 

= limn(MAfts * a5e)h' 

= limn(/3s(/3s. (MA)a)fts)ft' 

= n(/3s(a)(Is)ft'. 


If ft G (7r(77s» )77)^: by the definition we have 


Ug = limn(uAfts)ps*ft = 0. 


This show that Vg is independent of the choice of approximate identity of Eg , 
so V is well-defined. Now, we want to show that u* = Vg* for s G S. First 
we remark that for Og G Eg we have n(as(5s)ps* = psn(as(5s). Let {ua} be an 
approximate identity for Eg. It follows that 

(vg)* = lim(n(MA(5s)ps*)* 

= limps.n(/3s.(uA)fts*) 

= limn(/3s.(MA)fts*)fts 


Vg, 
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since {/3s*( ma)} is an approximate identity for Eg*. As for the covariance 
condition, let x S Eg* and observe that 

VsT:{x)vg. = limpsn(u^(5s)n(a:(5e)n(/3s*(uA)i5s*)Ps 

A,/j. 

= lim psn(u^(5s * x5e * /3s* {u\)ds* )ps 
M A 

= \impgIl{Ufj.l3g{x)uxSsg>)ps 
fi,X 


= \impgn{ui,^g{x)uxSe)pg 
^,A 


= PsT^{Ps{x))pg 
= 7’‘(/3s(a:)). 


It should be noted that we have used the fact that 11 = 0 on in the forth 
equality above. As for property (2) of Definition 2.5, notice that for Os G Eg 
we have 


Thus, 


n(as5s) 


limn(asUA5s) 

A 

limn(as(3e * ux5g) 
7r(as)ps limn(uA(3s) 
7r(as) limn(uAi3s)Ps* 

TT{ag)Vg. 


n(as( 5 s)n(at 5 t) = TT{ag)vgTT{at)vt 

= UgVg,'K{ag)vgTT{at)vt 

= i^s7’‘(/3s*(as)at)r't 

= VgT:{(3g*{as)at)vg>VsVt 
= Tr(l3g{l3g^{ag)at))vgVf 

Because n is multiplicative, the above expression is the same as 


n(as(3s * at(5t) = n(/3s(/3s*(as)at)5st) 

= 7 r(/ 3 s(/ 3 s* (as)at))i/st. 

Elements of the form /3s*(as)at generate Eg»Et. Since (3g maps Eg*Et onto 
EgEgt, it follows that elements of the form /3s(/3s* (as)at) generate EgEgt and 
so property (2) of Definition 2.5 follows. Clearly, tt is a non-degenerate repre¬ 
sentation of A. Thus (tt, v, 'H) is a covariant representation of (A, S', /3). □ 


Proposition 3.8. The correspondence eA (tt x v,'H)is a bijection 

between covariant representations of (A,S,l3) and non-degenerate representa¬ 
tions of A Kp S. 



CROSSED PRODUCTS BY PARTIAL ACTIONS OF INVERSE SEMIGROUPS 13 


Proof. We will show that the correspondences (tt, u, H) {tt x u, H) and 
(n, "H) i-s- are inverses of each other. Let {-k', v','H) be a covariant 

representation of {A,S,j3). Let {Tr,u,'H) be a covariant representation of 
(^, S, /3) induced by tt' x i/'. Then for a G ^ and s G S' we have 

7r(a) = tt' X ly'(aSe) = Tr'(a) 

and 


Us = limpsTr' X i/'(uj\Ss) 

= lim/957r'(wA)u' 

= lim7r'(a;A)u' = u'. 

We have used the fact that ps7r'(uj\)iy' = Tr'(uj^)iy' since ps is the orthogonal 
projection onto tt' x v'{Es)'H = Span{7r'(as)u' : Og G Eg}. Let If be a 
non-degenerate representation of ^ S on 7^. Let (tt, u, 77) be a covariant 
representation of {A, S, j3) induced by II. Then if Og G Eg we have 


TT X u(ag(jg) 


7r(ag)ug 

n(ag(5e) limn('UA5g)pg* 
n(as5e)/0s limn('UA5g) 
n(ag(5e) limn('UA5g) 
limn(agMA5g) = n(ag(5g). 


Thus the correspondence is bijective. 


□ 


4. CoNECTiON Between Croossed Products 

Throughout this section we will assume that G is an inverse semigroup 
with unit element e. 

Lemma 4.1. Let (A,G,a) and (A,Sg,I 3) be as in Proposition 2.10. Let 
(p,z,IC) be a covariant representation of (A,Sg,P), and define a covariant 
representation (p, to, 1C) of (A, G,a) by tOg = z{ag,Ug) as in Proposition 2.11. 
Then {p x z){A xp S) = {p x uj){A Xa G). 

Proof. For g G G, let s = {ag,Ug) G S, then Eg = Dg, so, p{Dg)tOg = p{Es)zg. 
Thus, 

( 6 ) p{Dg)ujg C Y P{Es)zg. 

qGG sGS 

On the other hand, if 

s = (ttgj ) ’agi-'-Ug^) and a G Eg = Dg.^ ^3192 
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then by Corollary 2.8 we have 
p{a)Zs = 

= p{a)Z^ag^,Ug^)---Z{ag^,Ug^) 

(7) = p{a}wg,...iZg„. 

Let Then by 6 we have 

p X a;($(^ OgJg)) = p{ag)u}g C (p X z){A Kp S), 

so, (p X u!){A Xq G) C (p X z){A xp S). If £ Atxp S, then 

p X 2:(<I)(^ as6s)) = Y, Pi<^s)zs £ p X u}{A Xq G) 

by 7. □ 

Theorem 4.2. Let a he a partial action of a unital inverse semigroup G on 
a C*-algebra A such that the representation tt xu of Ax G is faithful. Define 
an inverse semigroup So by Sg = {{ag^...ag„,Ugj^...Ug„) : € G} 

and an action /3 of So by /3s = ag^...ag^ for s = {ag.^...ag^,Ug.^...Ug^), as in 
Proposition 2.10. Then the crossed product .4xq,G and AxpS are isomorphic. 

Proof. Let Vg = Ugi---Ug„) for s = {ag^...ag^,Ug.^...Ug^). We know from Propo¬ 
sition 2.11 (tt, V, TL) is a covariant representation of {A, S, /3). If we show that 
TT X is a faithful representation of .4 xp S', then {tt x iz)~^ o tt x iz is a.n 
isomorphism. Consider the universal representation of .4. x p S, which by 
proposition 3.8 must be in the form p x z for some covariant representation 
(p, z) of (.4, S,/3). By Proposition 2.11 the definition Ug = Z(ag,ug) gives a 
covariant representation (p, oj, 1C) of (.4, G, a) and we have (p x u;)(.4 Xq, G) = 
(p X z){A xp S) by Lemma 4.1. Put Q{x) = (p x w)(7r x u)~^{x), thus, 
0 o TT X u = p X OJ. We will show that 0 o {tt x v) = p x z. It suf¬ 
fices to check this on generators adg, where s = (agj...Q;g„,t6gj...Ug„) and 
O' £ Eg = Hgj 

©((tt X io){a5s)) = 0{TT{a)iys) 

= (p X uj){tt X u)~^{TT{a)l's) 

= {pxoj){TTXu)-^{TT{a)ug,...UgJ 
= (p X w)(7r X M)-I(7r(a)ugi,„g„) 

= {p X 0}){a5g,...gJ 
= P(oHi...g„ 

= P(oW...Wg„ 

= p{a)Z(ag.i,Ug^)---Z{ag^^Ug„) 

= p{a)Z(^ag.^...ag„,Ugj^...Ug„) 

= p X z{aSs) 
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where we have appealed to Corollary 2.8 twice more. □ 
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